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SUMMARY

I. Title

A Study on Depth Variation of Wind-induced Flows in an Idealized Basin of Constant
Depth.

II . Objective and Significance of the Study

With increased interest in problems involving the spread and dispersion of oil spills and
heated discharges, and in the transport of sediments, there is an increasing demand to
develop three-dimensional hydrodynamic models that can effectively reproduce the near-
surface and near-bottom wind and wave induced flows.

In this report we are concerned with mathematical development of two three-
dimensional models which differ each other for integrating the governing equations over
the vertical space domain. The first model considered is a mixed model in which the
vertical dependence of horizontal currents is determined using the Galerkin method,
whereas a finite difference method is used for the integration in time and the horizontal
spatial coordinates. The second model is a finite difference model which uses grid boxes to
approximate the currents in three dimensions.

ll. Contents and Results of the Study

In the first part of the report a Galerkin-finite difference method is developed for the
solution of linear three-dimensional equations which describes wind induced flow in a
homogeneous sea. The basic equations are separated into two systems at the outset. Namely,
an equation containing the gradient of sea surface elevation and the mean flow(external mode)
and an equation describing the deviation from the mean flow(internal modes). With this
separation equations can be economically integrated using a time splitting method. The eddy
viscosity is assumed to be constant throughout the depth. The basis functions are
determined analytically from an eigenvalue problem involving the vertical eddy viscosity
using a homogeneous boundary condition at the sea surface and a sheared boundary
condition at the sea bed. The problem of wind induced flow in a rectangular basin is
examined in detail.

The second part comprises a brief presentation of a point model using grid boxes in the
vertical. To resolve the high-shear near-surface layer the equations are transformed onto a
logarithmic coordinate scale in the vertical.
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Abstract

The mathematical development of a three-dimensional hydrodynamic model for the wind

induced flows is described. The hydrodynamic equations are separated into two

__9_



systems(external mode and internal modes) before applying Galerkin method. The eddy
viscosity is assumed to be constant throughout the depth and in the horizontal direction. The
eigenvalues are determined from the eigenvalue problem involving the vertical eddy viscosity
subject to a homogeneous boundary condition at the sea surface and a sheared boundary
condition at the sea bed. The model is applied to a homogeneous, rectangular basin of
constant depth and steady, uniform wind field to examine model performance.
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F=F, G=G, atz=0" QN
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F,= — p[N—u-] , Gp= — p[N—v-] (2.10)
3z A A
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F, = kpu,, G, = kpv, (2.11)

2 EQE 4 fen, Sold ke A4 B x, y8 B4 AAE wHRAFIT, uy, vE 5, yEE
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f()E B s S 400 el HE ek WA, 4 (219)o vl H e 2,
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du , d du
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fO=1, (2.23)
NF(0) + Bf(0) =0, (2.24)
Nf(h) + Byf(h) = 0. (2.25)



o714, M= ki) Eigenvalue, B, By= £4 AlsE ol
A (221)0 4 (2.8), (2.10), (222), (2.23), (2.24), (2.25) S& Widsd G55 %2 4o
He}.

3 h , k , Fb F.\‘
— ufpdz— f v frdz= = ’—fk(h) + — + Bz“hfk(h) - B,
av e ° p p
h Fb'—F.r h h ’
—)\kufofkdz+ " fofkdz—)\kfo uf, dz . (2.26)

Internal modes 44 u',v'E oS3 Zeol +3z4F zo] ¥4 Basis function f,(z)%
FHAE 9 A B5A AF A(x,y,1), B(x,y,1)5 AE3to Linear combinatione 2

Qe & Ao

M

w(x,y,z,0) = 3 Ax,y,1) - f(2), (2.27)
r=1
M

vix,y,z,1)= 3 B.(x,y,1) f(z) . (2.28)

r=1

7|4, M2 B9 Foltt. 4 (226)00l 4] (2.27)2 HYstod Halebd o}-23} o] Hrl.

g Mo uooooh F, F,
__EArf frfkdz—'YEBrf frfkdz: - —fk(h)+ -
at [/ (]
r=1 r=1 p P
Fb

_F.r h
- [, fude

h
+ Boy - fr(h) — By, — Nl fo frdz + .

M h
“Nn3Za, [ Sz (2.29)

r=1

Basis function f,&= 4 (2.22)~(2.25)¢} Sturm-Liouville systems 9SS

Eigenfunctiono] 7] wj&oj) -5 2} 2+2 Orthogonality £A4-& Z&t}.

h
f ffidz=0, if r#k. (2.30)
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4] (230)& 4 (2.29)ell v dstel HElonl oha3t o] A

oA, Lk, b F, F,
— [ fidz =B, [ fidz= — —fi(h) + — + Bay fil(h) = By,
ar v o e P p
=N [ fydzt - fofkdz—)\kAkfofkdz. (2.31)
As) IE $ohol
1 h
—};—fo fidz = a, (2.32)
h
S, fid =119, (2.33)

32 ad, 4 (231)2 a3 el & 4 A

— —yB, + NA, = “ak - fk(h)] — + [1-0 - ak} —
ot p p

+ Byuy fi(h) — Byu, — Rkakﬁh]d)k : | (2.34)

vhd7a1e HAHE AN yr el A AL Fohd o5 3.

3B, G, G,
ot p P

+ By vpfi(h) — Byv, — Mak‘m]% . (2.35)

2.4 Figenfunction 4%

3 JHAGAF Nol 48 Fd LAsidm A¥en 7124 (222)9 AAz=A
(2.23)~(2.24)E & o] Sturm-Liouville system2] & & &}
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fi(z) = cos pz — 7V—l-sm PiZ (2.36)

Pk

7 "ek 3714, p, = V7N oItk 4 (236)2 4 (2.25)0] U] Helehx ph = o2t

o,

tan a, = P27 B 2.37)

N o Na,
+BIBZI[ h ]

h

7b ", ibdez B, > BEtR ¥ 4 A1 o] A¢ 4] (2.37)L Fig. 2.13} & & & 1A, o]
8= Iteration methodol] olsl] 414 F¢ 4 Ud. 4 (237)ef4 N 0.065 mzls, h=650m,
B, =00, B,= 00022 %3 7% Eigenfunctions] el Fig. 2.2¢} k. QJoly F¢& 85

ol&etd q;, ¢, & th& Ao ALY 4 At

sin o, h By h B,
a, = + S cos oy — x (2.38)
oy N o, N o
1 h sin ct,, n Blz sin oy,
—=—[1+ cosa | + ) [ - cosak]
b, 2 0 2N" o, O
K B, ) K B
+ (2cos" @ — 1) — . (2.39)
2 2N
2N U.k ak
o, 9 gk2 Fig. 2.10A B & ul g} Fto] &5 = A(Slip condition) Y 7$
1
k—Dw < op < (k- -2—)11' (2.40)

of Eadet. o2 g2 eied uEEHAl; 9 AW PR H Al niet 1 ghe] W)
By B1~0¢ A, F sl SABF xH(Free slip condition)o] Fojxls L

a~(k— 1w as By~0 (2.41)



3} Hg. EW, Byl A4S, & A 0 BE ZA(No slip condition)s] FojAE H$E

tan o) - wo| 2
1
o, -k — E)ﬂ as By~ w (4.42)

7t "ok o9 e 43 P A AS(Coefficient of vertical eddy viscosity) Noll wetH %
e N - A% p ~00] H22 4 (236)0l4 fi(z) - 1.00] Fr}. oy, & 2o
it Ao] AP FA o2 FHEG.

du v ow
—_— —t — = (243)
ox Jdy dz

4714, FAFEAE(w) 4 Pl £4 24 AAHEAAe] HEZ JE o5, HAW
AAZAE ¥-Isle] EW

a h a h -
W= — udz+ — v dz (2.44)
dx v 2 dy v ¢

7t H3, 4714 4 (2.14)cll whet S UAHF FE 3 TGS 2 FEjstod HEed,

3 ok 3 ot
w=— f (7 + u)dz + — f (Vv + v))dz
ox v 2 dy v ?

3 3 a d ot
=——{E(h—z)}+—{V(h—z)}+—f udz + — v dz (2.45)
dx dy dx vV * dy vV ¢

78k 9 Aol 4 (227), (2.28)3 A(2.36)2 i Uete] Helshd B3 o

s d § aM 3 M
we= ——fat - )+ ;{V(h—Z)}"';fz ElArfr(Z)dZ"' gfz ElBrfr(Z)dZ
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3 3 ol dA, 9B,
= —-[Eh(l - g)] + ——{ma - g)] +3 [f £,(z)dz - {— + —] (2.46)
ax ay I ox dy
3714, § = z/h o|t}.
% A4
h h Bl
dz = - —si d
fz f(z)dz fz [COS 4% Np, sinp,z|dz
k(. . hBy
= —2{(sm o, — sin ¢ ) + —(cos a; — cos akf;)] (2.47)
2 ¥9dd.

26 2o Aol o2 BY

+3 FEALNA 2HEZ 7DES AE3hs 308 2ELS AN A ol At
29ES 8 A¥E 4 %ol Ak $UE A5 29T ALudel $4VAS EUHE AL
ololl Uiy 2o} Bk Fig 21014 Bi uis} o] £ RLSUSE o - (k — Dmol
M2 gmg 4 (238)olM a, - 06 Ak ER}, A, = NaZk? =N (k — 1)’k elng
k - w0’ N, ~ w7} Heh. 4 (2.34)2] Zelal F4AFe)(Steady state) & 7H48 3 vB, = 0.08=
av, A F, = pByy, By = 0, &, = 2het2 ¢, 53 ko] EEAG.

FS
p

s

_Fo4 W F, &, 2h F

~ = =

P A pN(k — 1)%n? p N(k — 1)*x? ,




- - 2h F,
bu= 3 Afil)® X ————5cosk—Dnt
k=M+1 k=m+1 PNk — 1)°m

2hFy < coskmt

2h Fy 1 = coskmé M—loosk'n'g

= AR AT 2
PN 7 o K =1k
2hF ¢ ar M loos k'n-g

= 5 (3¢2 —6§+2)——— 2 ] (2.48)

o] i 2 P A
2h G, w2 M7 cos kw§
Av = (3§ —-6E+2)— - 3 . (2.49)

pN w2 12 . k2

3. FAAREA

3.1 External mode

42 A4+ External mode$} Internal modesz #aldted i, 4 (2.17)~(2.19)2
F == External modes] sAHF 244 A4, S5WAAL I $ANE 4 (Explicit finite
difference method), 2 $&3&H(Implicit finite difference method), § %84 (Finite
element method) §& ol§eted 44 ¢ & v, & AT A4l HaAF Slaio] F4l
SHAEHE ALsgon], AHAAMAL Staggered grid system¢l Arakawa-C gridE
A58t ck(Fig. 3.1 %). External mode#] 4= x| A 44| o53} Zd.



Lt + Ar) = L) — %{hie"_i(’) - hm“;—-']_(’)]

—ﬂ{h (1) — hy v
Ay inVi—n(l) n"i(’)},

a(t + At) = a(t) + vAr ¥, (r) — g—g-{{,.ﬂ(r + Ae) — Lt + At)J

AtF+AtF
A A
phy, ok, "

Vit + Ar) = v(t) — yAr d(t + Ar) — gft-{gi(t + Ar) — oy, (t + At)]
34

AtG + AtG
- —Gyx + —G,; .
phy phy *

o714,

i(r) = {tTg(t) * i) + T + u,-‘ﬂ_'l(r)}ﬂ-o,

vi(t) = {v’.-(t) + vig(t) + 500 + v,._—,,;l(r)]A.o,

(3.1)

(32)

(3.3)

(34

(3.5)

(3.6)

(3.7)

(3.8)



s = {*i + *i+n}/2'0’ 39

Ar: ARA7ZE 1A (sec.),

Ax x4 ¥ A4 327) (m),

Ay 1 y¥ A& 27] (m),
n: A4k x g A2t

sk ol I FUARUE AFse FAALANNE AL AAHFH(Stability)e]
AR, AAAZ, ¢4 $5F 3= CFLzA(Courant-Friedrichs-Lewy stability

condition)e]] w2},

T,
Ars—25 (3.10)
e+ U
oJ 7] A, As : F&AHAA7],

H: Agdedu 44,
U: Aoy Hues

oltt. £7|=Ao gL AN BE HAAMHANN L = iy = v; = 0, att = 0F 718 ”Ad.

3.2 Intermal modes

Internal modesoj A& 4] (2.34), (235)l4d A, B, (k=1, - - M) e Foct
21(2.34), (2.35)e14

F F,
Co = {a, = filh)} — + {10 — a} == — BN, filh) ~ By, — Meay @h, (3.11)
p p



G G,
D, = {a, — fu(h)} — + {1.0 — a,} — — BN, fy(h) — By, — Meayh (3.12)
p p

@z od, 27

dA,

{
3B,
4

o o] EWHUL. weM, £AALAL 3t 2ol & 4 Aot

At + A1) = A (1) + Arly By (1) = NA () + Cpy(0) )y (3.15)

Byt + At) = By (1) + Ar{ — y ALt + Ar) = N\, B ((£) + D (1) &) (3.16)
3714,

A1) = A0 + Ay 1(0) + Apiin() + Ay iiaa(0)40, (3.17)

Bei(t) = {Byi(t) + By ;41(0) + Byi_n(0) + By j_pia(D}A0 . (3.18)

$1¢] AellA] Heaps(1972)= Holsters(1962)oll 2Asted, A gtol o}F #R A9 Frictional
damping termof| A} A4te] &<t 4(Computational instability)e] b= A& Wale7] st
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NeBy (1) = N{By it + Ar) + By (1}20. (3.20)
T3 FELS] FESHEL 4 (2.36), (3.15), (3.16)2 ol-gste] 4] (2.27), (2.28)2H-H) 71}
M hB]

u.(x: Y E’ t) = 2 Ak COS (xkg —
k=1

sin a £ |, (3.21)
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k=1 k
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AL 27|12Aec 2=
A =B, =0 at 1=20 (3.23)
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APPLICATION OF VARIOUS VERTICAL
COORDINATE TRANSFORMATION
TECHNIQUES TO THE FORMULATION
OF A THREE DYMENSIONAL
HYDRODYNAMIC SEA MODEL

Kwang-Soo LEE, Kyung-Tae JUNG and Jae-Kwi SO
Coastal Engineering Laboratory, KORDI

Abstract

A three dimensional hydrodynamic sea model is formulated in terms of sigma
coordinates in the vertical. In order to give enhanced resolution, the high-shear
region (close to the sea surface in wind-induced flow, or the bottom boundary
layer in tidal flow) is resolved by transforming the equations onto a logarithmic
or log-linear coordinate scale before applying the finite difference scheme. The
propertes of these vertical grid schemes are described in somewhat detail.

A series of idealized calculations is performed, and the results show that the
steady state computed surface currents in various vertical grid schemes are in
good agreement with the analytical solution. However, high resolution is required
when eddy viscosity is low, although a coarser grid can be used for higher eddy
viscosity values.



1. Introduction

The coastal ocean is a region receiving a great deal of attention due to an
increasing utilization of its resources. The demands for increasing development
have directed to investigate the basic mechanisms which govern the circulation
over the continental shelf. A knowledge of the cifculation is useful to the
management of fisheries and of oil and gas resource development. Spills of oil and
other material from offshore drilling and oil transport activities may occur and
significantly affect the environment, Therefore, a detailed knowledge of the
vertical variation of meteorologically induced currents has become increasingly
important, particularly in the design of offshore structures (Gordon, 1982) and
for the prediction of the movement of the pollutants.

Over the last 30 years meteorologically induced changes have been computed
using vertically integrated two-dimensional numerical models. These applications
range from determining changes in sea surface elevation (Davies and Flather,
1977 ; Proctor et al., 1983) to circulation in shelf sea areas (Furnes, 1980 ;
Pingree and Griffiths, 1980). These models have also been used to compute storm
surges in shallow seas. A recent comprehensive review of storm surge model is
given by Heaps(1983). Since these model are vertically integrated from sea
surface to sea bed, they give no information on current profiles and the bed
stress is conventionally computed from the depth mean current. The deficiencies
of determining bed stress from the depth mean current are apparent in near
coastal wind-driven circulations, where the bottom current and depth mean
current may be significantly different in both magnitude and direction from each
other. Some information on current profiles can be extracted from these models
using a convolution method (Forristall, 1974 ; Davies, 1988). However, as main
memory on computers expanded and computing power rapidly increased over the
last decade it became computationally practical to solve the full three-dimensional

hydrodynamic equations describing currents in a sea region.



The vertical wvariation of wind-induced currents in an ocean was first
investigated by Ekman(1905). His model was of a horizontally unbounded sea with
infinite depth. Vertical eddy viscosity was constant and in the steady state the
angle between surface current and wind direction was 45°. Ekman({1905) showed
that the vertical variation of current profile, particularly in the near surface
layer, is significantly influenced by the vertical transfer of momentum. In his
case, this was parameterized by a constant coefficient of vertical eddy viscosity.
Analytical calculations have usually parameterized the internal shear stress in
terms of a coefficient of eddy viscosity. Also, these models have in general only
considered a single point in the vertical. Such models clearly shows a very high
shear boundary layer, which will have to be accurately resolved in any numerical

solution.

The numerical sclution of the three dimensional hydrodynamic equations which
describe the motion of the sea, using either grid boxes or multiple layers in the
vertical is now well established (e.g. Davies, 1985). For problems in which a
boundary layer of high current shear occurs, such as the region near sea bed in
tidal filows or near the sea surface in wind-driven flows, it is necessary to
increase the resolution in this area. Enhanced resolution within the high shear
region can be obtained by using a very fine grid spacing. However, increasing
the grid resolution by this means involves a larger number of point values in the
vertical, which have to be integrated through time as the solution evolves.
Naturally, as the grid resolution is refined, the associated computer time

required to integrate the equations increases rapidly.

In this paper, a single point model is formulated in terms of sigma coordinates
in the vertical. In order to get the enhanced resclution in the high shear region
maintaining the same number of grid spacing, the transformation onto a
logarithmic or log-linear coordinate scale through the vertical is attempted. A
series of idealized calculation is performed and the accuracy and computational
efficiency of solutions using various finite difference grids in the vertical are
compared. In section 2 the properties of these various vertical grid schemes are
described in somewhat detail, and the accuracy and the rate of convergence of

these schemes are examined in section 4.



2, Hydrodynamic Equations and Sigma Coordinate Transformation

2.1. Hydrodynamic Equations

For a single point model in the vertical, the governing linear hydrodynamic
equations are given by

i_fv=§!i+_€i(ni) (1)
ot o&x oz\ oz
§!+ﬁ,=213+i(1vﬂ) (2)
ot dy o7\ oz
in which
t time
X,Y the horizontal coordinates in a Cartesian coordinates system
u,v the x- and y-components of current at depth z
Z the depth below the undisturbed sea surface
f the Coriolis parameter
P the external pressure forcing
N the coefficient of vertical eddy viscosity

In order to solve equations (1) and (2) for u and v, boundary conditions have
to be specified at the sea surface and at the sea bed.

In the wind-induced flows, the surface conditions at z=0 are

o v
NV = F, , -p|NZ) - F (3)
o) AR



where F, and F, denote the x and y-components of wind stress acting on the water
surface; p. the density of sea water, is assumed constant. For the tidal or wind

wave induced flows, a zero stress surface boundary condition is applied,

) )
0z =0 6z z=0

The boundary conditions at the sea bed (z=h) are

Ju av
-pIN—| =1_, -p|[N=—| =+ (5)
p( az )z-h * p( a'z )z-h Y

where t, and t, denotes the x- and y-components of bottom friction. Assuming a

linear slip condition at the sea bed,

t.= kpuy , v = kpy, (6)
with k the coefficient of linear bottom friction. In these equations, u, and v,
denote the x- and y~components of current at the sea bed. A quadratic law at the

sea bed may be applied rather than the linear law,

2 A2
s Ty vao(u0+v0) (7)

2 ap
T, Kpuo(u0 +v0)
with K the coefficient of non-linear bottom friction.

An alternative bottom boundary condition is a no-slip condition, namely :

U= vo= 0 (8)

For sinusoidal forcing due to tidal or wind wave induced flows at a point, the

pressure gradients, oP/dx and gP/dy, can be expressed as



oP

— = A wcos(wi) (9)
ox
%y’i - A wcos(w) (10)

in which A, and A, denote the amplitudes of the external forcing, and ¢ its

period.

2.2 Transformation to Sigma Coordinates

In general the water depth varies over a sea region. Therefore if the same
number of grid spacing in the vertical, and hence the same vertical resolution,
is to be maintained at each horizontal grid point, it is necessary to transform the
vertical coordinate (Phillips, 1957 , Freeman et al., 1975). Several algebraic
transformations exist in the literature (Johns, 1978 ; Davies et al., 1988 ; Davies
and Johns, 1991) which can be used to transform equations (1) and (2) in such
a manner, that the discretized form of the transformed equations on regular
grids, is physically equivalent to using a grid with enhanced resolution in the
near bed region. Appropriate transformations onto logarithmic or log-linear

coordinate system with linear system are considered.

Linear Transformation :

o= ofh (11)
From eguation (11),it can be readily shown that
o _19 (12)
0z ¥ do
with
y = h (13)

In these equations h denotes water depth.



Logarithmic Transformation :

o = ln(z/zo)/a (14)
with
o = 1n(hlzo) (15)

In these equations z, is the effective roughness height. From equations (14) and
(15),

8 .19 (16)
oz x 00
with
X = Zue™ an
Log-Linear Transformation :
o = l[mL”“] (18)
el H I,

with

REIS
% Zu

in which z, is a arbitrary height parameter which can be used to determine the
height above the sea bed over which the grid is essentially logarithmic. From
eqguation (18) and (19),

9 _19 (20)
. oz xdo
with
g = s (21)
Z+Z*



Using the above sigma transformations, the interval z,<z<h (z,=0 in linear
transformation} which varies with horizontal position is transformed into the
constant interval 0<o<l. It may be readily shown that equations (12), (16) and
(20) are all the same except y values which are different from each other.
Substituting any of them into equations (1) and (2) gives the same transformed

equations

Ou o _ 9P 13(Néu (22)
ot ox ¥ oo\ x do
Y L =% 1N (23)
ot dy xodolyx do

Transforming surface and bottom boundary conditions to sigma coordinates

gives at the sea surface,

N du N ov
o2 - F , oYY - F (24)
p(x ac)o=0 * p(x &)aso 7
and at the sea bed,
N du N ov
ol X&) - , -pl==1{ = (25)
(IR vy - B



3. Finite Difference Solution

The solution of equations (23) and (24) can be obtained using a Crank-
Nicolson-like method in the time domain and staggered grid in the vertical.

At the k-th grid point,

t+at t
u ~U t+8,ar 6 W —_— + —_ +
kK TE ka‘ = (2) T 2k (N,: W, 5"2‘“ - Nk‘q W, 5“1:—;‘)
at ox N (26)
92Wk t — t _ t
+ > (Nk W, ou, -N_, W ﬁuH)
AT
t+at t
vty t+6,af oW — . — +
Ve VL gt oo (E) T DTN W bv - Ny W 6V
at oy AQ (27)
o,W, — —
. 202" (Ne W dvg - N, W, ovp )
A

in which Sux = u.: -ux and Ao is the vertical grid spacing. Also W. = 1/y
evaluated at u grid point k and ~ W, = 1/ % evaluated at the midpoint between u
grid points k+l and k with At the time step. In these equaticns, the time-
weighting term 6, lies in the range 0 < 8, £ 1, with 8; = 1-9,. In the Crank-
Nicloson method, the sclution is time centred with 8, = 0.5.

In the explicit case (6, = 0), a stability analysis based upon a grid resolution
of order 0.005 m in the near bed region (necessary in order to adequately resolve
the high-shear layer) required a time step of order 0.0025 seconds for a typical
N of 0.01 m®’/s - clearly impractical. In the case in which 8, is non-zero, an
implicit solution (68.=1.0) or a semi-implicit solution (8,=0.5) is obtained, which
on a regular grid can be shown to be unconditionally stable. The application of
an implicit or a semi-implicit method, with the grid differencing given above,



leads to the solution of a set of simultaneous equations involving a tridiagonal
matrix. Details of the form of the matrix equations and solution using the Thomas
method are standard and can be found in Roache(1972).

Using fictitious current point, u, (v,) and wu.., (V...}, surface and bottom

boundary conditions, in the finite difference form are given by,

— U U = Vo~V

_me __;_m = xe . —me % = xFy (28)
o WU = BV (29)
PNy == = x%, » PN ——= =11,



4, Numerical Calculation of Wind-Induced Currents

In order to check how the accuracy of the computed current, especially the
surface current, depends upon vertical grid spacing and eddy viscosity, the
Ekman(1905) problem of a uniform wind suddenly applied over an infinitely deep
ocean of infinite extent is examined. Since this problem has an analytical solution,
comparisons of accuracy for various vertical grid resolutions and eddy viscosity
values can be made. It is known from the analytical solution that as the value of
eddy viscosity is reduced, for a given wind stress, surface currents and shear
in the surface boundary layer both increase. It is therefore instructive to
consider how fine or coarse a grid is required in this region for various values
of eddy viscosity. In Ekman's problem, a no-slip condition can be used at the sea
bed, and if the depth is less than the Ekman depth, E., then this condition does
significantly affect the current. If a slip condition is used, then the bottom stress
is determined by the bottom current. Provided the ocean is sufficiently deep,
comparably or greater than the Ekman depth then the bottom current is very small
and bottom stress does not significantly affects the currents, which can be

compared with Ekman's solution.

The water is initially at rest, and currents are generated by a uniform
northerly wind of 20 m/s, suddenly applied at time t=0.0. Parameters used in the
calculation are the Coliolis parameter, f = 8.363x10° s’ (latitude 35°N) ; water
density, pu.ce. = 1025 Kg/m’ ; water depth, h = 250 m ; and the coefficient of
linear bottom friction, k = 0.002 m/s. The surface shear stress due to wind, t.,

is given by

T = Cpp W (30)

with drag coefficient C, = 2.5x107°, the air density p, = 1.25 Kg/m’, and the wind
velocity W at a certain height (usually 10m) above sea surface. The corresponding
wind shear stress, t. = 1.25 N/m’. Since the ocean is of infinite extent and the

wind field is infinite, no sea surface gradients develop. This would not be the



case if the wind field was of finite extent. Therefore, the computed current is a

pure drift current.

To test the accuracy of computed currents in various vertical coordinate scales,
a uniform grid spacing of A0=0.01 (100 grids) was used throughout the
computation. A time step At=10 s was used to resolve the initial rapid change in

current in response to the wind.

u and v components of surface current at t=3.5 hours, the approximate time
when the v component of current in wind direction has reached a maximum, and
at the time of a near steady state, for a range of eddy viscosity values are given
in Table 1 (with a no—-slip bottom boundary condition) and Table 2 (with a slip
bottom boundary condition). The computed profiles of u and v components in
various vertical coordinate scales for a constant eddy viscosity N=0.1 m’/s with
a no-slip condition are plotted in Fig. 1, with a slip condition in Fig. 2. And, the
profiles for a constant eddy viscosity N=0.01 m’/s with a no-slip condition are
plotted in Fig. 3, with a slip condition in Fig. 4. The current profiles in these
figures were plotted by using spline interpclation of vertical grid point values.
It is evident from Tables 1 and 2, that as the value of eddy viscosity is reduced
from 0.4 m’/s to 0.001 m’/s, the surface current at t=3.5 hours and in the steady
state increases. These figures show that as the eddy viscosity is decreased shear
in the surface increases.

The sensitivity of current profiles and surface currents to changes of the
values of z, and z, in logarithmic and log-linear coordinate scales was examined.
Again the horizontally unbounded sea with a water depth of 250 m is considered.
The constant eddy viscosity N=0.01 m’/s is used, and for the other parameters
the same values used in previous calculations are given. Computed surface
current at t=3.5 hours and at a near steady state are given in Table 3 (with a no-
slip condition) and Table 4 (with a slip condition). Current profiles computed in
the logarithmic coordinate with values of z, = 0.01 m and 0.1 m are given in Fig.
5. Current profiles computed in the log-linear coordinate with values of z, = 0.01
and 0.1 m but maintaining z_ = 25 m are shown in Fig. 6, and with values of z, =

50 m, 10 m and 1 m but maintaining z, = 0.001 m in Fig. 7.



Time hodographs of u and v components of surface currents for a constant eddy
viscosity N=0.2m’/s computed in various vertical grid schemes are shown in Fig.
8 (with a no-slip condition) and Fig. 9 (with a slip condition). It is evident from
these figures that within the first few hours following the onset of wind, surface
current flows essentially in the direction of the wind stress. The effect of the
earth's rotation in producing inertial oscillations having a period T = 2n/f ~ 20.9
hours (approximately 75000 seconds) can also be seen in these figures. Initially
the inertial oscillations in the surface layer are heavily damped, as can be seen
by the initia! rapidly spiralling decay over the first couple of inertial periods,
although subsequently this decay decreases. This is because wind energy is
initially transmitted to the surface layer of the water, although as time progresses
this momentum diffuses from this layer to greater depths is limited by rotational
effects and a stage is reached where the wind's energy can no longer penetrate
to greater depth. When this occurs the heavy damping in the surface layer
decreases, although damping continues due to frictional effects. In a shallower
region, where wind energy can penetrate to the sea bed, bottom friction will
contribute to this damping.



5. Concluding Remarks

A single point sigma coordinate model has been developed in this paper.
Vertical grid spacing in this model can be refined in high shear layers, such as
those which occur in the near-surface layer during major wind events, by means
of the transformation onto logarithmic or log-linear scale of coordinate in the
vertical. Time integration has been accomplished using the Crank-Nicolson
method which ensures unconditional stability without reducing the time step when
a very high vertical grid resolution is required.

A series of idealized calculations have been performed to examine how fine a
grid spacing is required accurately to resolve the high shear surface layers.

Results show that high resolution is required when surface eddy viscosity is low,
although a coarser grid can be used for higher eddy viscosity values.
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Captions of Tables

1. Computed surface currents for a range of eddy viscosity values with a no-slip
condition in various vertical grid schemes.

2. Computed surface currents for a range of eddy viscosity values with a slip
condition in various vertical grid schemes.

3. Computed surface currents using a no-slip condition in logarithmic and log-
linear vertical coordinates with various z, and z, values.

4. Computed surface currents using a slip condition in logarithmic and log-linear

vertical coordinates with various z, and z, values.



Captions of Figures

1. Profiles of u and v in a water depth h=250m at time t=3.5hours and t=240hours
computed for a constant eddy viscosity N=0.01 m?/s with no-slip condition
in various verticalgridschemes. (a)linear. (b) logarithmic (z,=0.001m).
(c) log-linear (z,=0.001m, z =25m).

2. Profiles of u and v in a water depth h=250m at time t=3.5hours and t=240hours
computed for a constant eddy viscosity N=0.01 m’/s with slip condition in
various vertical grid schemes. (&) linear. (b) logarithmic (z,=0.001m).

(c) log-linear (z,=0.001m, z_=25m).

3. Profiles of u and v in a water depth h=250m at time t=3.5hours and t=240hours
computed for a constant eddy viscosity N=0.001 m’/s with no-slip
condition in wvarious vertical grid schemes. (a) linear. (b) logarithmic
(20=0.001m). (c) log-linear (z,=0.00lm, z =25m).

4. Profiles of u and v in a water depth h=250m at time t=3.5hours and t=240hours
computed for a constant eddy viscosity N=0.001 m’/s with slip condition in
various vertical grid schemes. (a) linear. (b) logarithmic (z,=0.001m).
(c) log-linear (z,=0.001m, z =25m).

5. Profiles of u and v in a water depth h=250m at time t=3.5hours and t=240hours
computed for a constant eddy viscosity N=0.01 m’/s in the logarithmic
transformed coordinate. (a) z,=0.01m with no-slip condition. (b) z,=0.1m
with no-slip condition. (c) z=0.01m with slip condition. (d) z,=0.1m with
slip condition.

6. Profiles of u and v in a water depth h=250m at time t=3.5hours and t=240hours
computed for a constant eddy viscosity N=0.01 m’/s in the log-linear
transformed coordinate with a values of z,=25m. (a) z,=0.01m with no-slip
condition. (b) z.=0.1lm with no-slip condition. (c) z.=0.0lm with slip
condition. (d) z,=0.1m with slip condition.



7. Profiles of u and v in a water depth h=250m at time t=3.5hours and t=24Chours
computed for a constant eddy viscosity N=0.01 m’/s in the log-linear
transformed coordinate with a values of Z,=0.001lm. (a) z,=50m with no-slip
condition. (b) =z =10m with no-slip condition. (c¢) z,=lm with no-slip
condition. (b) z,=0.1m with slip condition. (d) z,=50m with slip condition.
(e) z,=10m with slip condition. (f) z _=1m with slip condition.

8. Hodographs, with dots denoting every 5000 seconds (approximately 1.4 hours)
values, of u and v components of computed surface currents in a water of
h=250m for a constant eddy viscosity N=0.2 m’/s with no-slip condition in
various vertical grid scheme. (a) linear. (b) logarithmic. (c) log-linear.

8. Hodographs, with dots denoting every 5000 seconds (approximately 1.4 hours)
values, of u and v components of computed surface currents in a water of
h=250m for a constant eddy viscosity N=0.2 m’/s with slip condition in
various vertical grid scheme. (a) linear. (b) logarithmic. (c) log-linear.
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